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Abstract Taking heterogeneity, internal parameter
uncertainties and communication constraints into
account, the problem of cooperative driving system
of heterogeneous vehicles is studied in the vicinity of
traffic signals. This work studies the dynamics of het-
erogeneous vehicles and response performance from
physical perspective andmeanwhile analyzes the topol-
ogy structure and communication constraints between
vehicles and roadside equipment from cyber perspec-
tive. From the perspective of transportation cyber phys-
ical systems, cooperative driving model of heteroge-
neous vehicles with parameter uncertainties and com-
munication constraints is constructed in the vicinity of
traffic signals. We analyze robust stability by adopt-
ing Lyapunov–Krasovskii stability theory. According
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to the limitations of heterogeneity, dynamic uncertain-
ties, communication delays and packet loss, the robust
control strategies are proposed by using LMI (linear
matrix inequality) method. Through theoretical analy-
sis and numerical simulation, the validity and feasibil-
ity of research results are verified, which provides the
guidance of control strategies for suppressing traffic
congestion.
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1 Introduction

The emerging information and communication tech-
nologies (ICT) facilitate the development of coopera-
tive driving system (CDS), where the vehicles commu-
nicatewith each other throughVehicle-to-Vehicle com-
munication (V2V) and with the infrastructures through
Vehicle-to-Infrastructure communication (V2I). V2V
and V2I are together referred to as V2X (Vehicle to
X) [1–3]. The feasibility and potential of cooperative
driving system have been confirmed by demonstrative
experiments and application practices, which aims at
the compatibility of traffic safety, efficiency, green and
comfort driving [4,5].

Cooperative driving system, an importation applica-
tion of transportation cyber physical systems (T-CPS),
is to guarantee that the vehicles maintain the desired
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speed and desired space headway (or gap) according
to vehicles state information and traffic environment
information [6–10].

Some scholars started from the stability of coop-
erative driving systems and studied platoon control.
Both inertia coefficient and time-delay coefficient of
vehicles were introduced into three-order typical car-
following models, which revealed that vehicle dynam-
ics has strong effect on traffic dynamics and the stabil-
ity of traffic flow [11]. Taking the velocity difference
between the current velocity and the historical velocity
into account, Li et al. [12] investigated self-stabilizing
effect of vehicles. The stability of vehicle platoon with
reaction time of drivers was analyzed, and correspond-
ing feedback control schemes were proposed [13,14].
Al-Jhayyish and Schmidt [15] focused on string sta-
bility of heterogeneous vehicle strings with different
dynamic properties and considered different possible
feedforward strategies.

In addition, the platoon control is more challeng-
ing and interesting when the uncertain dynamics and
communication delays are considered simultaneously
in practical driving conditions. Gao et al. [16] proposed
an H-infinity control method for a platoon of hetero-
geneous vehicles with uncertain vehicle dynamics and
uniform communication delay. Zheng et al. [17] used
graph theory to establish a unified model to describe
the collective behavior of a homogeneous collaborative
driving system with external disturbances. The robust-
ness analysis and distributed H∞ controller synthe-
sis of connected vehicles with undirected topologies
were investigated. A dynamic hybrid model of vehi-
cle longitudinal motion was studied when accelera-
tion disturbances, wind resistance, parameter uncer-
tainties and communication uncertainties were con-
sidered by Guo and Yue [18]. Zheng et al. [19] pro-
posed a distributed coupled H∞ robust control method
for multi-vehicle systems with identical dynamic con-
trollers and rigid geometric formations. Robust stabil-
ity, string stability anddistance trackingperformanceof
the proposed platoon were discussed. Robust accelera-
tion tracking control of vehicle longitudinal dynamics
was proposed by Li et al. [20,21]. They designed sev-
eral robust controllers for multiple model sets and ver-
ified the enhanced robustness of the switching control
method. Liu et al. [22] analyzed the confluence con-
trol strategy of multiple vehicle queues when the vehi-
cle fleet was subjected to various disturbances. To the
authors’ knowledge, the problems of cooperative driv-

ing system with combined effect of disturbances, vehi-
cle dynamics and communication delays have not been
fully solved and still remain challenging and interest-
ing.

The vicinity of traffic signals is the bottleneck of
urban traffic which is a relatively small part of urban
roads, but it accounts for a large proportion of traffic
accidents [23–26]. Because the vicinity of traffic sig-
nals can provide the functions such as gathering, steer-
ing and evacuation for traffic flows, the vehicles drive
and stop periodically in this area with the change of
traffic signals. It is easy to decline the performance of
cooperative driving, reduce traffic efficiency, increase
energy consumption and even lead to traffic accidents
(such as rear-end collision) due to internal uncertain-
ties, external perturbations, delays and other factors
[27–32].

The control of cooperative driving system in the
vicinity of traffic signalswill bemore challengingwhen
bothuncertain dynamics and communicationdelays are
considered. As far as we know, few studies have sys-
tematically considered heterogeneity, dynamic uncer-
tainties and the effect of communication constraints
for cooperative driving system in the vicinity of traffic
signals. The aim of this paper is to investigate coop-
erative driving of heterogeneous vehicles both consid-
ering parameter uncertainties and communication con-
straints. Cooperative driving model for heterogeneous
vehicles is proposed. Using Lyapunov–Krasovskii the-
ory, robust stability of cooperative drivingmodel is ana-
lyzed. We further present sufficient conditions for the
robust H∞ controller to ensure robust stability. Consid-
ering uncertain external disturbances, the distributed
robust control strategies are designed based on linear
matrix inequalities (LMIs).

The rest of this paper is structured as follows. In
Sect. 2, cooperative driving model for heterogeneous
vehicles is established by considering parameter uncer-
tainties and the effect of communication constraints. In
Sect. 3, Lyapunov–Krasovskii functional stability the-
ory is used to analyze robust stability of the proposed
model. Meanwhile, considering uncertain external dis-
turbances, the distributed robust control strategies are
proposed. In Sect. 4, the validity and feasibility of the
proposed robust H∞ control strategies are verified by
simulation experiments. The conclusions are summa-
rized in Sect. 5.
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2 Problem description

2.1 Cooperative driving model

In this section, we establish cooperative driving model
in the vicinity of traffic signals and analyze the dis-
tributed control strategy. All vehiclesmust not overtake
or change lanes. For cooperative vehicles, some factors
are considered, such as air resistance, rolling resistance,
communication delays and disturbance inputs. These
factors affect dynamic behavior of the vehicles. Some
reasonable assumptions are set: (1) The wheels do not
slip; (2) the suspension and tire elasticity are negligible;
(3) the influence of yaw movement is not considered;
(4) the acceleration, deceleration, brake and cruising of
the vehicles are determined by the control inputs.

In order to reveal many important features of
the practical vehicle dynamics, such as inertia delay
of transmission system, the scholars proposed the
third-order dynamic system. The longitudinal dynamic
model of cooperative driving is generally nonlinear,
which includes power transmission system, rolling
resistance, air resistance, gravity, etc. The model is
expressed as follows:

ṗn(t) = vn(t) (1)
ηn

rn
Tn(t) = mn v̇n(t) + CA,nv

2
n(t)

+mngCr cos(θ(p(t))) + mng sin(θ(p(t))) (2)

ςn Ṫn(t) + Tn(t) = Tdes,n(t) (3)

where pn(t) and vn(t), n = 1, 2, . . . , N are the posi-
tion and speed of the n-th vehicle at time t , respec-
tively. Moreover, the position and speed of head car
are set as p0(t) and v0(t). mn is the vehicle mass. Ca,n

is the coefficient of air resistance, Cr is the coefficient
of rolling resistance, g is the acceleration coefficient of
gravity, Tn(t) is the driving or braking force, Tdes,n(t)
is the desired driving or braking force, ςn is the inertial
delay, rn is the wheel radius, and ηn is the transmis-
sion efficiency of power transmission system. θ(p) is
the road slope angle. Considering the horizontal urban
road environment, the slope angle is close to 0. So we
assume cos(θ(p)) ≈ 1, sin(θ(p)) ≈ θ(p) ≈ 0.

The linear feedback technique is used to transform
the nonlinearmodel into linearmodel for feedback con-
troller design as follows:

Tdes,n(t) = 1

ηnTn(t)
[CA,nvn(t)(2τn v̇n(t) + vn(t))

+mngcr + mngθ(p) + mnun(t)]rn (4)

where un(t) is the control input, which represents the
desired acceleration.

Equation (4) plays a key role in the process of vehi-
cle feedback linearization control: (1) The linearization
of the dynamics equation of the nth vehicle is realized;
(2) the model is simplified by removing some charac-
teristic parameters of the vehicles (such as mechanical
resistance, mass and air resistance).

Introducing the third-order equation, the dynamic
model is expressed as:

ȧn(t) = 1

ςn
un(t) − 1

ςn
an(t) (5)

Therefore, the state equation of the third-order
model of the nth vehicle is:

ẋn(t) = Anxn(t) + Bnun(t) (6)

where

xn(t) = [pn(t), vn(t), an(t)]T

An =
⎡
⎣
0 1 0
0 0 1
0 0 −1/ςn

⎤
⎦ , Bn =

⎡
⎣

0
0

1/ςn

⎤
⎦

The distributed cooperative control can make vehi-
cles drive synergistically according to the information
of adjacent vehicles and traffic signals. Many studies
considered the distributed control strategies for specific
topologies. This paper only considers the information
impact of ahead vehicles and ignores the information
impact of following vehicles. The general form of the
linearized controller is expressed as:

un(t) =
Nn∑
i=1

[kp(pi (t) − pn(t) − dni )

+ kv(vi (t) − vn(t)) + ka(ai (t) − an(t))] (7)

where Nn represents the set of vehicles cooperating
with vehicle n. k#(# = p, v, a) represent the gains of
local controller corresponding to position difference,
velocity difference and acceleration difference.

Further considering communication delays between
vehicles, the expression of the distributed controller is:

un(t − τc) =
Nn∑
i=1

[kp(pi (t − τc) − pn(t) − dni )

+ kv(vi (t − τc) − vn(t))

+ ka(ai (t − τc) − an(t))] (8)

In order to simplify the mathematical description,
themodified formulas (7) and (8) are expressed, respec-
tively, as:

123



www.manaraa.com

1662 D. Chen et al.

un(t) =
Nn∑
i=1

k[xi (t) − xn(t)] (9)

and

un(t − τc) =
Nn∑
i=1

k[xi (t − τc) − xn(t)] (10)

where k = [kp, kv, ka].
The control goal of cooperative driving system is to

track the recommended velocity and maintain the for-
mation control strategy of the desired distance between
vehicles:
⎧⎨
⎩
0 = vn(t) − ven(t)
dn−1,n = pn−1(t) − pn(t)
0 = an(t) − aen(t)

(11)

where dn−1,n is the desired distance between vehicles
n − 1 and n. ven(t) and aen(t) are the desired velocity
and the desired acceleration, respectively.

The relationship of the first vehicle is satisfied as:

ẋ0(t) = A0x0(t) + B0u0(t − τc) (12)

The desired trajectory of vehicle n is:

pen(t) = p0(t) − d0,n = p0(t) −
n−1∑
i=0

di,i+1 (13)

Define three new tracking errors p̃n(t), ṽn(t), ãn(t)
as:

p̃n(t) = pn(t) − pen(t) (14)

ṽn(t) = vn(t) − ven(t) (15)

ãn(t) = an(t) − aen(t) (16)

So, we obtain

un(t) = k
Nn∑
i=1

[x̃i (t) − x̃n(t)] (17)

Assume vector

x̃n(t) = [ p̃n(t), ṽn(t), ãn(t)]T (18)

The error dynamics system of the nth vehicle is
expressed as:

˙̃xn(t) = An x̃n(t) + Bnun(t) (19)

Considering cooperative driving system consisting
of N vehicles, the expression of the state vector is
obtained as:

x̃(t) = [x̃1(t), x̃2(t), . . . , x̃N (t)]T (20)

The control input vector is constructed as:

u(t) = [u1(t), u2(t), . . . , uN (t)]T (21)

The measured output vector is constructed as:

y(t) = [y1(t), y2(t), . . . , yN (t)]T (22)

Based on Eqs. (5) and (6), the state space equation
of whole cooperative driving system can be written as:

˙̃x(t) = Ax̃(t) + Bu(t) (23)

where

A =

⎡
⎢⎢⎢⎣

A1 0 · · · 0
0 A2 · · · 0

· · · . . .
. . . · · ·

0 · · · 0 AN

⎤
⎥⎥⎥⎦ ,

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−B1 0 0 · · · 0 0 · · · 0

B2 −B2 0
. . . 0 0 · · · 0

B3 B3 −2B3
. . . 0 0 · · · 0

...
...

...
...

...
...

...
...

BNn BNn BNn · · · −(Nn − 1)BNn 0 · · · 0
0 BNn BNn · · · BNn −(Nn − 1)BNn+1 · · · 0
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 · · · BNn BNn · · · BNn BNn −(Nn − 1)BN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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The output equation is:

y(t) = Cx̃(t) (24)

where

C =

⎡
⎢⎢⎢⎣

C1 0 · · · 0
0 C2 · · · 0

· · · . . .
. . . · · ·

0 · · · 0 CN

⎤
⎥⎥⎥⎦ ,Cn = I3×3.

In practical traffic, the vehicles may encounter vari-
ous uncertain external disturbances in the driving pro-
cess, such as wind change, road irregularity, equipment
failure, etc. Therefore, it is necessary to consider the

impact of these uncertainties.wn(t) represents the com-
bined equivalent disturbance of acceleration and wind
drag. In addition, we are interested in the uncertainty
of engine inertia delay, which denotes as �ςn .

Consideringdisturbance inputs, communicationdel-
ays and parameter uncertainties, the vehicle dynamics
model of the nth vehicle could be formulated as:

ȧn(t) =
(

1

ςn
+ 1

�ςn

)
un(t − τc)

−
(

1

ςn
+ 1

�ςn

)
an(t)

+ bw,nwn(t) (25)

|�ςn| = ln(t) belongs to the measurable Lebesgue
continuous function, which satisfies l2n(t) ≥ Dn > 0,
bw,n = 1/ςn .

Therefore, the state equation of the third-order
dynamical model is formulated as:

ẋn(t) = (An + �An)xn(t) + (Bn + �Bn)un(t − τc)

+bw,nwn(t) (26)

Based on the formula (26), the state space equation
of cooperative driving system can be written as:

˙̃x(t) = (A+�A)x̃(t)+ (B+�B)u(t −τc)+ Bww(t)

(27)

where

Bw = diag{bw,1, bw,2, . . . , bw,N },
�A = diag{�A1,�A2, . . . ,�AN },

�B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−�B1 0 0 · · · 0 0 · · · 0

�B2 −�B2 0
. . . 0 0 · · · 0

�B3 �B3 −2�B3
. . . 0 0 · · · 0

...
...

...
...

...
...

...
...

�BNn �BNn �BNn · · · −(Nn − 1)�BNn 0 · · · 0
0 �BNn �BNn · · · �BNn −(Nn − 1)�BNn+1 · · · 0
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 · · · �BNn �BNn · · · �BNn �BNn −(Nn − 1)�BN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�An =
⎡
⎣
0 0 0
0 0 0
0 0 1/�ςn

⎤
⎦ ,�Bn =

⎡
⎣

0
0

1/�ςn

⎤
⎦ .

According to the uncertainty parameter�ςn hypoth-
esis, we get

[�A �B ] = DL(t)[ E1 E2 ] (28)

where

D = 1√
Dn

diag

⎧⎨
⎩

⎡
⎣
0 0 0
0 0 0
0 1 1

⎤
⎦ , . . . ,

⎡
⎣
0 0 0
0 0 0
0 1 1

⎤
⎦

⎫⎬
⎭ ,

E1 = diag

⎧⎨
⎩

⎡
⎣
0 0 0
0 0 0
0 0 1

⎤
⎦ , . . . ,

⎡
⎣
0 0 0
0 0 0
0 0 1

⎤
⎦

⎫⎬
⎭ ,

E2 = diag

⎧⎨
⎩

⎡
⎣

0
0

−1

⎤
⎦ ,

⎡
⎣
0 0
0 0
1 −1

⎤
⎦ ,
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⎡
⎣
0 0 0
0 0 0
1 1 −2

⎤
⎦ , . . . ,

⎡
⎢⎣
0 0 · · · 0

0 0 · · · ...

1 1 · · · −(n − 1)

⎤
⎥⎦ ,

⎡
⎢⎣
0 0 · · · 0 · · · 0

0 0 · · · 0 · · · ...

0 · · · · · · 1 · · · −(n − 1)

⎤
⎥⎦

⎫⎪⎬
⎪⎭

Besides, the following relationships are also satis-
fied as:

L(t) = diag{√D1/ l1(t), . . . ,
√
DN/ lN (t)}I,

LT(t)L(t) ≤ I (29)

2.2 The effect of communication constraints

When usingV2Xcommunication, there are time delays
in the control loop because the informationmust be pro-
cessed by both the senders and the receivers. Firstly, the
senders sample their own motion characteristics (GPS
positioning, wheels speed); then process the informa-
tion and send data packets via the wireless protocol
IEEE 802.11p on wireless devices such as DSRC (ded-
icated short-range communications) [33]. If the pack-
ets are received successfully by the receivers, the con-
trollers assign the appropriate operating commands to
the engine or braking torque according to traffic infor-
mation. Note that, according to the IEEE 802.11p pro-
tocol, packets sent successfully are not received by the
receivers, and no packets are resent in dynamic traffic
environment. To simplify, we assume that the vehicles
clocks are synchronized. In this section, it is assumed
that the feedback variables y(t) of the vehicles are
measurable. In addition, the output part containing the
information of preceding vehicles is quantified and then
transmits to following vehicles shown in Fig. 1b. We
are interested in the log information quantizer defined
in the studies [33,34]. This quantizer is indicated as
f (·) and satisfies symmetry, that is, f (−v) = − f (v).
For each quantizer f (·), the set of quantized levels is
denoted as:

U = [±ϑn, n = 0,±1,±2, . . .} (30)

where ϑn = ρnϑ0, 0 < ρ < 1, ϑ0 > 0.
Each quantization level corresponds to a piecewise

function so that the quantizer maps the entire segment
to this quantization level set. Define log information
quantizer f (·) as:

N 1 0

Information flow network

n

un(t)uN(t) u1(t) u0(t)

dn(t)

x1(t)

Node dynamics

Distributed
controller

(a)

Cooperative
driving

Sensor Sampler

Quantiser

Controller Network induced
delay

w

y

u

(b)

Fig. 1 aCooperative drivingmodel of heterogeneous vehicles in
the vicinity of traffic signals [32]; b the effect of communication
constraints

f (y) =
⎧⎨
⎩

ϑn if 1
1+σ

< y < 1
1−σ

0 if y = 0
− f (−y) if y < 0

(31)

where σ = 1−ρ
1+ρ

.
Therefore, the expression of the controller output

u(t) is expressed as:

u(t) = K f (y) (32)

If the following vehicles can receive the information
of preceding vehicles successfully, there is communi-
cation delay τc which boundary is τc ≤ τm . If infor-
mation transmission fails, the number of lost packets
is expressed as ψ , and the boundary is ψ ≤ ψm . The
packet loss is also considered as a special time delay
ψh, where h is the sampling period. We rearrange the
expression (32) and get

u(t) = K f (y(t − τc − ψh)) (33)

Considering the process of information quantifica-
tion (33), according to the literature [35], the output
feedback controller can be obtained as:

u(t) = K (1 + ϕ(t))y(t − ηc) (34)

where ηc = τc + ψh, ϕ(t) ∈ [−σ, σ ] represents quan-
tization error and takes it as parameter uncertainty.
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Finally, substitutingEq. (34) into Eq. (27), we obtain
cooperative driving model as follows:

˙̃x(t) = (A + DFE1)x̃(t)

+(B + DFE2)u(t − ηc) + Bww(t) (35)

Further, Eq. (35) could be simplified as:

˙̃x(t) = (A + DFE1)x̃(t)

+[BKC(1 + ϕ) + DFE2KC(1 + ϕ)]
x̃(t − ηc) + Bww(t) (36)

Based on the above model, robust stabilization and
robust controller are analyzed in the following sections.
Next, we need to introduce two lemmas for later dis-
cussion.

Lemma 1 (Schur complement) For a given symmetric
matrix [36]:

ST =
[
S11 S12
∗ −S22

]

where S11 ∈ Rn×n, the following conditions are equiv-
alent:

1. S < 0;
2. S11 < 0, S22 − ST12S

−1
11 S12 < 0;

3. S22 > 0, S11 + S12S
−1
22 S21 < 0.

Lemma 2 For given matrices Q = QT, H and E with
appropriate dimensions, the matrix inequality [37]

Q + HF(t)E + ETFT(t)HT < 0

holds for all F(t) satisfying FT(t)F(t) ≤ I if and only
if there exists ε > 0 such that matrix inequality:

Q + ε−1HHT + εETE < 0

3 Robustness analysis of cooperative driving system

3.1 Robust stabilization

In this subsection, robust stabilization analysis will be
performed for cooperative driving system (36) with
w(t) = 0.

Theorem 1 Consider closed-loop cooperative driving
system (36) with w(t) = 0. If there exist positive defi-
nite symmetric matrixes P = PT > 0, R = RT > 0,
the following LMI is satisfied as:

Φ =
[

Φ11 Φ12

∗ Φ22

]
< 0 (37)

Such that the system (36) is asymptotically stable,
where the asterisk “*” represents symmetry. The other
elements are shown as follows:

Φ11 = ATP + PA + (DFE1)
TP

+PDFE1 + (KC)TR(KC),

Φ12 = (1 + ϕ)PB + (1 + ϕ)PDFE2, Φ22 = −R.

Proof The Lyapunov–Krasovskii functional is con-
structed for cooperative driving system (36), and the
expression is shown as follows:

V (t) = x̃T(t)Px̃(t) +
∫ t

t−ηc

x̃T(s)(KC)TRKCx̃(s)ds

(38)

The derivative V (t) along the trajectory of dynamics
Eq. (36) can be obtained as:

V̇ (t) = V̇1(t) + V̇2(t) (39)

For the derivative with respect to V1(t), we get

V̇1 = ˙̃xT(t)Px̃(t) + x̃T(t)P ˙̃x(t)
= x̃T(t)ATPx̃(t) + x̃T(t)(DFE1)

TPx̃(t)

+x̃T(t − ηc)(KC)T(1 + ϕ)(B)TPx̃(t)

+x̃T(t − ηc)(KC)T(1 + ϕ)(DFE2)
TPx̃(t)

+x̃T(t)PAx̃(t) + x̃T(t)PDFE1 x̃(t)

+x̃T(t)(1 + ϕ)PBKCx̃(t − ηc)

+x̃T(t)(1 + ϕ)PDFE2KCx̃(t − ηc) (40)

For the derivative with respect to V2(t), we get

V̇2(t) = x̃T(t)(KC)TR(KC)x̃(t)

−x̃T(t − ηc)(KC)TR(KC)x̃(t − ηc) (41)

Substituting Eqs. (27), (40) and (41) into Eq. (39),
we can be obtained as:

V̇ (t) = ξT(t)Φξ(t) (42)

where ξ(t) = [x̃(t)T, (KCx̃(t − ηc))
T]T. This com-

pletes the proof. 	


Remark 1 Theorem 1 provides sufficient conditions
for the asymptotically robust stability of cooperative
driving model (36), which means that the operation of
each vehicle is asymptotically stable. Next, a robust
controller is presented.
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3.2 Robust control

Considering practical driving process, it is necessary
to introduce the external disturbances and analyze the
robust control strategy of each vehicle to restrain the
influence of uncertain external disturbances. Assume
that external disturbances w(t) are finite energy func-
tion.

Next, we will investigate cooperative driving model
with communication delays and external disturbances
as follows:

˙̃x(t) = (A + DFE1)x̃(t) + [BKC(1 + ϕ)

+DFE2KC(1 + ϕ)]x̃(t − ηc) + Bww(t) (43)

For a given H∞ disturbance attenuation level γ > 0,
the following condition should be met:
(∫ ∞

0
y2(t)dt

)1/2

≤ γ

(∫ ∞

0
w2(t)dt

)1/2

(44)

Theorem 2 For cooperative driving system (43) and
the given constant γ > 0, if there exist positive definite
symmetric matrixes R, P, such that the following LMI
holds:⎡
⎢⎢⎣

Φ11 Φ12 Φ13 CT

∗ Φ22 0 0
∗ ∗ −γ 2 I 0
∗ ∗ ∗ −I

⎤
⎥⎥⎦ < 0 (45)

For all the external perturbations allowed, the pro-
posed system (43) is asymptotically robust stable with
H∞ disturbance attenuation level γ . The output feed-
back controller is:

u(t) = K (1 + ϕ)y(t − ηc) (46)

where

Φ11 = ATP + PA + (DFE1)
TP

+PDFE1 + (KC)TR(KC),

Φ12 = (1 + ϕ)PB + (1 + ϕ)PDFE2,

Φ22 = −R,

Φ13 = PBw

Proof The Lyapunov–Krasovskii functional is con-
structed for cooperative driving system (43), and the
expression is as follows:

V (t) = x̃T(t)Px̃(t)+
∫ t

t−ηc

x̃T(s)(KC)TR(KC)x̃(s)ds

(47)

The derivative V (t) along the trajectory of dynamics
equation (43) can be obtained as:

V̇ (t) = V̇1(t) + V̇2(t) (48)

For the derivative with respect to V1(t), we get

V̇1 = ˙̃xT(t)Px̃(t) + x̃T(t)P ˙̃x(t)
= x̃T(t)ATPx̃(t) + x̃T(t)(DFE1)

TPx̃(t)

+x̃T(t − ηc)(KC)T(1 + ϕ)BTPx̃(t)

+wT(t)BwPx̃(t)

+x̃T(t − ηc)(KC)T(1 + ϕ)(DFE2)
TPx̃(t)

+x̃T(t)PAx̃(t) + x̃T(t)PDFE1 x̃(t)

+x̃T(t)(1 + ϕ)PBKCx̃(t − ηc)

+x̃T(t)(1 + ϕ)PDFE2KCx̃(t − ηc)

+x̃T(t)PBww(t) (49)

For the derivative with respect to V2(t), we get

V̇2(t) = x̃T(t)(KC)TR(KC)x̃(t)

−x̃T(t − ηc)(KC)TR(KC)x̃(t − ηc) (50)

Substituting Eqs. (43), (50) and (49) into Eq. (48),
we can be obtained as:

V̇ (t) = ξT(t)

⎡
⎣

Φ11 Φ12 Φ13

∗ Φ22 0
∗ ∗ 0

⎤
⎦ ξ(t) (51)

where ξ(t) = [x̃(t)T, x̃(t − ηc)
T(KC)T, w(t)T]T.

Next, assume the initial condition is zero and intro-
duce

J =
∫ ∞

0
[yT(t)y(t) − γ 2wT(t)w(t)]dt (52)

Therefore, for any nonzero w(t) ∈ L2[0,∞), we
have

J ≤
∫ ∞

0
[yT(t)y(t) − γ 2wT(t)w(t) + V̇ (t)]dt

≤
∫ ∞

0
ξT(t)Φ̃ξ(t)dt (53)

where

Φ̃ =
⎡
⎣

Φ11 + CTC Φ12 Φ13

∗ Φ22 0
∗ ∗ −γ 2 I

⎤
⎦

When Φ̃ < 0, we have J < 0. If there exist a matrix
K , a positive definite matrix Q1 = QT

1 > 0 and a
positive scalar γ > 0, such that the following linear
matrix inequality Φ̃ < 0 holds, then the system (43)
is robustly stable. Applying Lemma 1 (Schur comple-
ment), we can obtain the inequation (45). This com-
pletes the proof. 	
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We further simplify the linearmatrix inequality (45).

Theorem 3 For cooperative driving system (43) and
the given constant γ > 0, if there exist positive definite
symmetric matrixes X, S, a matrix M and the scalars
ε1, ε2, ε3 > 0, such that

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Π3 0 0 0 Bw (CQ)T MT (E1Q)T

∗ −S S SET
2 0 0 0 0

∗ ∗ −Iε2 0 0 0 0 0
∗ ∗ ∗ −Iε3 0 0 0 0
∗ ∗ ∗ ∗ −γ 2 I 0 0 0
∗ ∗ ∗ ∗ ∗ −I 0 0
∗ ∗ ∗ ∗ ∗ ∗ −S 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −Iε1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

(54)

holds, then the system (43) is robustly stable with H∞
norm bound γ by controller (46).Here, some terms are
defined as follows:

X = P−1, M = KCX, S = R−1,

Π3 = AX + (AX)T + (ε1 + 4ε3)DD
T + 4ε2BB

T.

Proof The following proof is mainly completed by
Schur supplement and variable transformation. The
inequality (45) is equivalent to

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ATP + PA (1 + ϕ)PB
+(DFE1)

TP +(1 + ϕ)PDFE2 PBw CT

+PDFE1 + (KC)TR(KC)

∗ −R 0 0
∗ ∗ −γ 2 I 0
∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

< 0

(55)

Using Lemma 2 for transformation, it can be
obtained as:

⎡
⎢⎢⎣

Π1 0 PBw CT

∗ −R + ε−1
2 + ET

2 ε−1
3 E2 0 0

∗ ∗ −γ 2 I 0
∗ ∗ ∗ −I

⎤
⎥⎥⎦ < 0

(56)

where

Π1 = ATP + PA + (KC)TR(KC) + (ε1 + 4ε3)PDD
TP

+4ε2PBB
TP + ε−1

1 ET
1 E .

Using Schur complement again, we get

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Π2 0 0 0 PBw CT (KC)T ET
1∗ −R I ET

2 0 0 0 0
∗ ∗ −Iε2 0 0 0 0 0
∗ ∗ ∗ −Iε3 0 0 0 0
∗ ∗ ∗ ∗ −γ 2 I 0 0 0
∗ ∗ ∗ ∗ ∗ −I 0 0
∗ ∗ ∗ ∗ ∗ ∗ −R−1 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −Iε1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

(57)

Multiply both sides of the inequality (57) by the fol-
lowing matrix:
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

P−1 0 0 0 0 0 0 0
∗ R−1 0 0 0 0 0 0
∗ ∗ I 0 0 0 0 0
∗ ∗ ∗ I 0 0 0 0
∗ ∗ ∗ ∗ I 0 0 0
∗ ∗ ∗ ∗ ∗ I 0 0
∗ ∗ ∗ ∗ ∗ ∗ I 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Then, the inequality (57) can be simplified as:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Π3 0 0 0 Bw (CX)T MT (E1X)T

∗ −S S SET
2 0 0 0 0

∗ ∗ −Iε2 0 0 0 0 0
∗ ∗ ∗ −Iε3 0 0 0 0
∗ ∗ ∗ ∗ −γ 2 I 0 0 0
∗ ∗ ∗ ∗ ∗ −I 0 0
∗ ∗ ∗ ∗ ∗ ∗ −S 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −Iε1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

(58)

To solve the feedback control gain K , we write
X = diag{X̂ , X̂ , . . . , X̂}, and

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M̂ 0 0 · · · 0 0 · · · 0

M̂ M̂ 0
. . . 0 0 · · · 0

M̂ M̂ M̂
. . . 0 0 · · · 0

...
...

...
...

...
...

...
...

M̂ M̂ M̂ · · · M̂ 0 · · · 0
0 M̂ M̂ · · · M̂ M̂ · · · 0
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 · · · M̂ M̂ · · · M̂ M̂ M̂

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Then, the gains of feedback control are obtained as
K = diag{k, k, . . . , k}, k = M̂ X̂−1. This completes
the proof. 	


123



www.manaraa.com

1668 D. Chen et al.

4 Numerical simulations

To verify the effectiveness of the proposed robust con-
trol strategies, the proposed method is compared with
the existing method proposed by Guo et al. [17] (called
Guomethod). First, the experiment is set up. Then, sim-
ulation experiments are carried out underV2X commu-
nication to evaluate the performance of the proposed
control strategies.

Set the speed range of vehicles on city roads
v ∈ [0, 16.66], which corresponds to maximum speed
vmax = 60 km/h.Thedesired speedof cooperative driv-
ing is vd = 11.11m/s, that is, vd = 40 km/h. In order to
ensure that the vehicle does not accelerate or decelerate
violently, the acceleration/deceleration range is set in
a ∈ [−3, 3]. The traffic signals period is TC = 60 s,
where green time is Tg = 25 s and red time is Tr = 35 s.
Wemarkgreen light starts flashing gb = 0 s, and ending
flashing is ge = 25 s. The research range of the vicin-
ity of traffic signals is D = 300m and communication
range is Dc, where Dc ≤ D. The distance between
the vehicle and traffic signals is dn(t). The position,
speed and acceleration of the nth vehicle at time t are
p(t), vn(t) and an(t), respectively. The initial distance
between the vehicle and the vehicle is 30m.

When the vehicles are traveling in the vicinity of
traffic signals, the vehicles provide two options: (1)
If the vehicles cannot pass during green light, they
need to stop at the parking line; (2) if it passes dur-
ing green light, the vehicles can travel synergistically
with desired speed. The track of vehicles movement in
the vicinity of traffic signals can be summarized into
four typical modes as shown in Fig. 2.

When the vehicles enter the vicinity of traffic sig-
nals, the phase of traffic signals is red. The remaining
time of red signals is assumed to be tr_rest.

The vehicles can make four decisions as follows:

1. If vehicles run with constant speed and occur the
violation of red light, they need to stop at stop
line

if vn(t) · tr_rest > dn(t); then at = ad (59)

2. When the vehicles run with constant speed, they
will not run red lights

if vn(t) · tr_rest ≤ dn(t); then at = 0 (60)

There are two kinds of situations: (3) The vehicles
can speed up all the time; (4) the vehicles accelerate

Green Red GreenTraffic 
signal

D

Mode B

Mode C

Mode D

Mode A

(a)

A B

C D

vr

vr

vr

vr

(b)

Fig. 2 a Vehicle trajectories in the vicinity of traffic signals, b
four modes of vehicles [31]

firstly and then move at constant speed. The specific
expressions hold as follows:

if vmax ≥ amaxtr_rest + vn(t) and dn(t) ≥ vn(t)tr_rest

+ 1

2
amaxt

2
r_rest; then at = amax (61)

if ta = (vmax − vn(t))/amax < tr_rest and

dn(t) ≥ vn(t)ta + 1

2
amaxt

2
a + vmax(tr_rest − ta);

then at = amax (62)

When the vehicles enter the vicinity of traffic sig-
nals, the phase of traffic signals is green. The remaining
time of green signals is assumed to be tg_rest. The time
required to accelerate the vehicle to its maximum speed
is:

ta = vmax − vn(t)

amax
(63)

The nth vehicle can make the following decisions
during green signals:

1. The vehicles are moving at a constant speed

if vn(t) · tg_rest ≤ dn(t); then at = 0 (64)
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2. The vehicles accelerate if the speed is less than the
maximum limit speed

if vmax ≥ amaxtg_rest + vn(t) and

dn(t) ≥ vn(t)tg_rest + 1

2
amaxt

2
g_rest;

then at = amax (65)

3. The vehicles speed up to its maximum speed and
then travel at a constant speed

if ta = (vmax − vn(t))/amax < tg_rest and

dn(t)≥vn(t)ta + 1

2
amaxt

2
a + vmax(tg_rest − ta);

then at = amax (66)

The vehicles must slow down gently and stop to
avoid sudden braking, rear-end collision and red light
running, when they cannot pass under green light. We
assume that the vehicle takes as little deceleration as
possible to slow down, satisfying the following expres-
sion:

dn(t) = vn(t)t + 1/2ad t
2
g_rest (67)

In addition, the following parameters are also used:

1. Inertial delay is ςn = 0.5s, |�ςn| = |Dn/ sin(t)|,
Dn = 4, and the disturbance attenuation is γ = 1.

2. Communicationdelays are τm = 0, 200ms, 400ms.
One of the three communication delays is ran-
domly selected, with probability of 1/4, 2/4 and
1/4, respectively.

3. Packets loss are θm = 0, 2, 4. One of the three
packets loss is randomly selected with probabil-
ity of 1/4, 2/4 and 1/4, respectively. The period
is 100 ms. Meanwhile, time delays of all vehicles
remain unchanged during each cycle.

Two quantitative indicators are introduced to eval-
uate the robustness and driving smoothness of speed
tracking as follows:

MVE = max{|δvi (t)|}, t ∈ [ts, te] (68)

MAE = max{ai (t)}, t ∈ [ts, te] (69)

We explain the physical implications of these two
performance indicators. ThemetricMVE ismax veloc-
ity error in the platoon from the reference speed at time
t , indicating the controller’s suppression performance
of speed pulse, which is used to evaluate speed tracking

(b)

(a)

Fig. 3 Vehicle trajectories without disturbance: a proposed
method, b Guo method

performance. MAE defines driving smoothness. Gen-
erally speaking, driving smoothness is positively cor-
related with driving comfort. The better the driving
smoothness, the higher the driving comfort is. MAE
is the maximum acceleration error of all vehicles in the
platoon at time t , which represents the suppression per-
formance of the controller’s longitudinal acceleration
pulse.

In the case of no disturbance, there is a feasible solu-
tion k = [−0.031,−2.623,−1.514].

Figure 3 shows the trajectories of vehicles without
disturbances. Under the reasonable control strategy, the
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(a)

(b)

Fig. 4 The velocity tracking curves without disturbance: a pro-
posed method, b Guo method

proposed method does not have the stopping and wait-
ing phenomenon, and all vehicles can pass the vicinity
of traffic signals during green light. However, for Guo
method, the last vehicle cannot pass green light and is
forced to stop at the stop line.

Figure 4 is the speed tracking of vehicles with-
out disturbances. It can be observed that the proposed
method can track the speed change rapidly and respond
promptly to the impact caused by the change of traffic
signals.Guomethodhas a slow speed tracking response
and poor speed tracking performance.

Figure 5 shows the vehicle accelerations without
disturbances. It can be seen that the proposed method

(a)

(b)

Fig. 5 The acceleration without disturbance: a proposed
method, b Guo method

has relatively consistent acceleration changes, and all
vehicles have better synchronous accelerations. The
acceleration changes of Guo method are relatively
dispersed, due to the poor ability that the following
vehicles respond to the changes of the front vehi-
cles.

Figure 6 shows the temporal max velocity error
and temporal max acceleration error. From Fig. 6a,
it can be observed that the vehicles in the proposed
method can quickly track the vehicle in front of it, and
the instantaneous maximum speed error between all
vehicles is about 1.38m/s. The instantaneous maxi-
mum speed deviation ofGuomethod is about 2.35m/s.
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(a)

(b)

Fig. 6 a Temporal max velocity error, b temporal max acceler-
ation error

By comparison, Fig. 6a indicates that the proposed
method has good speed tracking performance. Fig-
ure 6b shows that the acceleration changes of the
two models are relatively similar, but the response
time of Guo method lags a little. So, the proposed
method has good driving smoothness. In addition, the
accelerations of vehicles fluctuate in a small range
due to random communication delay, and the max-
imum acceleration deviation is within a reasonable
range.

Therefore, the proposed method can effectively
inhibit traffic congestion and prevent pulse oscillations

(a)

(b)

Fig. 7 Vehicle trajectorieswith disturbance: a proposedmethod,
b Guo method

in speed and acceleration, which leads to improving
driving comfort and tracking performance.

Further, in the case of perturbations, there exists
a feasible solution to the inequality (5.61) k =
[−0.034,−3.423,−1.842].

Figure 7 shows motion trajectories of the vehicles
under disturbances. As shown in Fig. 7, the proposed
method enables all vehicles to pass through the vicinity
of traffic signals during green light, and Guo method
cannot guarantee that all vehicles pass during green
light and some vehicles stop.

It can be observed from Figs. 8 and 10a that both
the proposed method and Guo method can carry out
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(a)

(b)

Fig. 8 Thevelocity tracking curveswith disturbance:aproposed
method, b Guo method

speed tracking without continuous velocity oscilla-
tion. However, the vehicles controlled by the proposed
method can respond rapidly and track accurately, and
the instantaneous maximum speed deviation is about
1.32m/s, and most of the time is close to 0. The max-
imum instantaneous speed deviation of Guo method
is about 2m/s. It shows that the proposed method has
good tracking effect and no significant change in veloc-
ity. For Fig. 10b, compared with Guo method, it can be
seen that the proposed method has smaller acceleration
changes, faster acceleration response, and good track-
ing performance and driving smoothness (Fig. 9).

(a)

(b)

Fig. 9 a Temporal max velocity error, b temporal max acceler-
ation error

So, the proposed method can effectively suppress
traffic congestion, prevent velocity and acceleration
oscillations, and improve driving smoothness and
tracking performance under external disturbances.

5 Conclusions

Considering the influence of heterogeneity, internal
parameter uncertainties and communication constraint,
the cooperative driving model is established in the
vicinity of traffic signals. By analyzing the robust sta-

123



www.manaraa.com

Robust control for cooperative driving system 1673

(a)

(b)

Fig. 10 The acceleration with disturbance: a proposed method,
b Guo method

bility of the proposed model, this paper studies how
to maintain the stability and system performance of
vehicles cooperative driving dynamics under the inter-
action of cooperative driving process and traffic infor-
mation under various internal parameter uncertainties
and external disturbances. According to the limitations
of heterogeneity, uncertainties, communication delays
and packets loss, a robust control strategy is designed.
Two quantitative indicators are introduced to evalu-
ate the robustness and smoothness of speed tracking.
Through simulation experiments, the proposed method
can effectively suppress traffic congestion and prevent
pulse oscillations in speed and acceleration, leading

to improving tracking performance and comfort. The
results show the effectiveness and feasibility of the pro-
posed method and provide guidance for traffic conges-
tion control strategy.
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